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Abstract
Let A and B be two n× n matrices with spectra λ(A) = {λ1, . . . , λn} and λ(B) =
{µ1, . . . , µn}. Suppose that the nonsingular matrix Q satisfies Q−1AQ = diag(J1, . . . , Jp),
where each submatrix Ji, i = 1, . . . , p, is a Jordan block. Then there exists a permutation π
of {1, . . . , n} such that√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2
 √n(1 +√n− p)max
{
‖Q−1(B − A)Q‖F, m
√
‖Q−1(B − A)Q‖F
}
and for j = 1, . . . , n,
∣∣µπ(j) − λj ∣∣
 √n(1 +√n− p)max
{√
n‖Q−1(B − A)Q‖2, m
√√
n‖Q−1(B − A)Q‖2
}
,
where m is the order of the largest Jordan block of A and ‖ ‖F and ‖ ‖2 denote, respectively,
the Frobenius norm and the spectral norm. © 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let A and B be two n× n matrices with spectra λ(A) = {λ1, . . . , λn} and λ(B) =
{µ1, . . . , µn}. The bound of the “distance” between two spectra λ(A) and λ(B) has
been investigated in many papers and books.
When A and B are both normal matrices, Hoffman and Wielandt [1] proved that
there exists a permutation π of {1, . . . , n} such that√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2  ‖B − A‖F,
where ‖ ‖F denotes the Frobenius norm.
Furthermore, Sun [2] proved that if A is normal and B is nonnormal, then there
exists a permutation π of {1, . . . , n} such that√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2  √n‖B − A‖F (1.1)
and ∣∣µπ(j) − λj ∣∣  n‖B − A‖2, j = 1, . . . , n. (1.2)
An example in [2] shows that the factor √n in (1.1) is best possible.
In this note, we investigate the case when A and B are arbitrary matrices. Suppose
that the nonsingular matrix Q satisfies
Q−1AQ = diag(J1, . . . , Jp),
where Ji is a Jordan block, i = 1, . . . , p. With the aid of [2, Theorem 1.1] we will
prove that, in this case, there exists a permutation π of {1, . . . , n} such that√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2

√
n(1 +√n− p)max
{
‖Q−1(B − A)Q‖F, m
√
‖Q−1(B − A)Q‖F
}
and for j = 1, . . . , n,
∣∣µπ(j) − λj ∣∣ √n(1 +√n− p)
×max
{√
n‖Q−1(B − A)Q‖2, m
√√
n‖Q−1(B − A)Q‖2
}
,
where m is the order of the largest Jordan block of A and ‖ ‖F and ‖ ‖2 denote,
respectively, the Frobenius norm and the spectral norm.
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2. Main results
For any matrix A, there exists a nonsingular matrix Q transforming A into its
Jordan canonical form
Q−1AQ = J =


J1
J2
· · ·
Jp

 , (2.1)
where, for i = 1, . . . , p, Ji ∈ Cki×ki is a Jordan block with the form
Ji =


λi 1
· · ·
λi 1
λi

 .
For ε /= 0 and i = 1, . . . , p, let Ti ∈ Cki×ki be a diagonal matrix with the form
Ti = diag(1, ε, ε2, . . . , εki−1). (2.2)
Then Ti is nonsingular and it holds
T −1i JiTi =


λi ε
· · ·
λi ε
λi

 .
Denote
T = diag(T1, . . . , Tp). (2.3)
Then T is nonsingular and we have
T −1Q−1AQT =


T −11 J1T
−1
1
T −12 J2T
−1
2 · · ·
T −1p JpT −1p

 = + 
with
 =


λ1I
λ2I
· · ·
λpI

 ,  =


1
2
· · ·
p


and
i =


0 ε
0 ε
· · ·
0 ε
0

 , i = 1, . . . , p.
We now prove the main statement.
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Theorem 2.1. Let A and B be arbitrary matrices. Suppose that the nonsingular
matrix Q satisfies (2.1). Then there exists a permutation π of {1, . . . , n} such that
√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2

√
n(1 +√n− p)max
{
‖Q−1(B − A)Q‖F, m
√
‖Q−1(B − A)Q‖F
}
,
(2.4)
where m is the order of the largest Jordan block in (2.1).
Proof. Denote
E = B − A.
Assume that
‖Q−1EQ‖F  1.
Then let
ε = m
√
‖Q−1EQ‖F
and let T be defined by (2.2) and (2.3). Then
‖T ‖2 = 1, ‖T −1‖2 = ε1−m
and
T −1Q−1EQT +  = T −1Q−1BQT − .
Since the matrix  is normal and the matrix T −1Q−1BQT has the same spectrum
with B, by [2, Theorem 1.1] we obtain that there exists a permutation π of {1, . . . , n}
such that
√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2  √n‖T −1Q−1EQT + ‖F

√
n(‖T ‖2‖T −1‖2‖Q−1EQ‖F + ‖‖F)

√
n
(
ε1−m‖Q−1EQ‖F + ε√n− p
)
= √n(1 +√n− p) m
√
‖Q−1(B − A)Q‖F. (2.5)
We now assume that
‖Q−1EQ‖F  1.
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Let ε = 1 and T = I . Then we have
Q−1EQ +  = Q−1BQ − 
and there exists a permutation π of {1, . . . , n} such that√√√√ n∑
j=1
∣∣µπ(j) − λj ∣∣2  √n‖Q−1EQ + ‖F

√
n(‖Q−1EQ‖F + ‖‖F)

√
n
(
‖Q−1EQ‖F +√n− p
)

√
n(1 +√n− p)‖Q−1(B − A)Q‖F. (2.6)
By (2.5) and (2.6) we have proved (2.4). 
Since the inequality ‖X‖F  √n‖X‖2 holds for any matrix X, from Theorem 2.1
it derives the following result, immediately.
Corollary 2.2. Let A and B be arbitrary matrices. Suppose that the nonsingular
matrix Q satisfies (2.1). Then there exists a permutation π of {1, . . . , n} such that
∣∣µπ(j) − λj ∣∣ √n(1 +√n− p)
×max
{
‖Q−1(B − A)Q‖F, m
√
‖Q−1(B − A)Q‖F
}

√
n(1 +√n− p)
×max
{√
n‖Q−1(B − A)Q‖2, m
√√
n‖Q−1(B − A)Q‖2
}
,
j = 1, . . . , n.
We denote the Jordan condition number of A by κ , namely,
κ = inf
Q
{‖Q‖2‖Q−1‖2,Q−1AQ = J}.
Clearly, for any matrices X and Y , it holds ‖XY‖F  ‖X‖2‖Y‖F. Then from Theo-
rem 2.1 and Corollary 2.2 we directly get the following result.
Corollary 2.3. Let A and B be arbitrary matrices. Suppose that the nonsingular
matrix Q satisfies (2.1). Then there exists a permutation π of {1, . . . , n} such that√√√√ n∑
j=1
|µπ(j) − λj |2 
√
n(1 +√n− p)max
{
κ‖B − A‖F, m
√
κ‖B − A‖F
}
and for j = 1, . . . , n,
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∣∣µπ(j) − λj ∣∣  √n(1 +√n− p)max
{
κ
√
n‖B − A‖2, m
√
κ
√
n‖B − A‖2
}
.
We now consider the case when the matrix A is diagonalizable. In this case, there
exists a nonsingular matrix Q such that
Q−1AQ =  = diag(λ1, . . . , λn).
This shows that, in this case, we have p = n in (2.1) and m = 1. From Theorem 2.1,
Corollaries 2.2 and 2.3, the following result follows.
Theorem 2.4. Let A be a diagonalizable matrix. Suppose that the nonsingular ma-
trix Q satisfies
Q−1AQ = .
Then there exists a permutation π of {1, . . . , n} such that
(i)
√∑n
j=1 |µπ(j) − λj |2 
√
n‖Q−1(B − A)Q‖F;
(ii)
√∑n
j=1 |µπ(j) − λj |2  κ
√
n‖B − A‖F;
(iii) |µπ(j) − λj |  n‖Q−1(B − A)Q‖2, j = 1, . . . , n;
(iv) |µπ(j) − λj |  nκ‖B − A‖2, j = 1, . . . , n.
When A is normal from here we can derive (1.1) and (1.2).
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